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The self-diffusion coefficient in Lennard—Jones fluid was studied by molecular dynamics simulation.
Simulations were done at 414 states in the temperature—volume plane. An equation of state for the self-
diffusion coefficient was derived by the least-square fitting. The calculated equation of state was in agreement
with the experimental results on CO». Its pressure dependence was also consistent with that in liquid hexane.
The liquid structure was analyzed by the excess coordination number, the distributions of the cluster size
and the hole volume. The volume dependence of the self-diffusion coefficient in the two-phase region was
discussed in terms of the coordination number in the first shell.

The molecular dynamics (MD) simulations are used
to study the dynamical properties in fluids.) Some
equations of state are reported for the pressure-vol-
ume-temperature relation in a Lennard-Jones fluid.>—®
As far as we know, no equations of state for the self-
diffusion coefficient have been obtained by MD. Such
an equation can be used for a comparison with the ex-
perimental results. Our naive question is whether the
liquid—-gas critical point has a special meaning in the
equation of state for the self-diffusion coefficient. The
equation can be used as the base line in the analysis of
the self-diffusion coeflicient near the critical point where
some anomaly is expected.

We are going to obtain the self-diffusion coeflicient
in a system with 108 Lennard—Jones molecules. Some
simulations on the system with the 864 molecules will
be carried out for a comparison. The rather small 108
system is sufficient for the present aim to derive the
equation of state for the self-diffusion coefficient.

Once the simulations in the wide temperature—vol-
ume space were performed, the least square fitting is
applied to obtain the equation of state (EOS). The re-
sult will be compared with the experiments.”—® It is
also compared with the theory.1®tV)

The liquid structure will be studied in the next sec-
tion. The temperature and volume dependence will be
described for the excess coordination number and the
distributions of the size of the cluster and the volume
of the hole. .

In the last section we will get some relation between
the self-diffusion coefficient and the coordination num-
ber in the first shell. The fluctuation in density is most

important in this analysis. Large fluctuations in density
are expected near the critical point. The self-diffusion
coefficient will suffer. However, such events will occur
in the sufficiently large system. We analyze the small
samples at low temperatures to see a similar effect of
the fluctuation in density. At this temperature most of
the volume corresponds to the two-phase region, where
the molecules tend to separate into the liquid and gas
phases. Because our system is so small and our MD
simulation is not very long, the phase separation is far
from complete in most of the volume. For this reason,
such samples are used in the analysis.

Method of Simulation

The Lennard—Jones potential is assumed:

w=e(()"-(2)) o

The program calculates the time evolution of the sys-
tem using a predictor-corrector algorithm.? The tem-
perature is controlled by Nosé’s method.?'®) The pe-
riodic boundary condition is assumed in the cubic cell.
The force is cut off at the half of the MD cell width.

The unit of time 7 is defined as follows

m
T = 0" , ?, (2)
Where m is the mass of the molecule. The time step is
dt = 0.00237, (3)

at most temperatures.
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The following reduced quantities are used in this pa-
per. The volume V of the system with the N molecules
is written in units of No®:

V=~ (4)

The temperature T is reduced by the energy parameter
€ and the Boltzmann constant k:

=L (5)

ty = ; (7)

As a result the self-diffusion coefficient D, is reduced
by 2/
D=L ®)
a_
Z

In our standard calculation, an 10000-step run is per-
formed. In the gas state, a 50000 or 100000-step run
was needed to obtain the self-diffusion coefficient. At
each volume a random configuration is first obtained
and the MD simulation at very high temperatures is
performed. Then this sample is cooled gradually at the
same volume.

The self-diffusion coefficient was calculated from the
plot of the mean square displacement as a function of
time." In Fig. 1 the self-diffusion coefficient D, of the
system with 108 molecules in the unit cell is compared
with that of a 864-molecule system. Our results are in
good agreement with those of Levesque and Verlet.'®
The smaller system is sufficient to obtain the self-dif-
fusion coefficient at more temperatures, although some
differences are seen at the lowest temperatures (0.90).
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Fig. 1. The self diffusion coefficient Dy versus temper-

ature T plot, at volume V,=3.33. The number of
the molecules in the unit cell is N. The square means
the result by Levesque and Verlet (Ref. 14), where
the number in the unit cell N is 864.
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The simulated 12x22=264 states cover a wide re-
gion, as follows: the 12 temperatures T, are selected
from 0.70 to 10 and the 22 volumes V, from 0.833 to
1000. The 150 states around the dense liquid states
are chosen from the 10x20=200 states: the 10 tem-
peratures 7. from 0.54 to 1.30 and the 20 volumes V,
from 1.00 to 1.40. The total number of the state ac-
cessed is 414. The simulation was repeated twice at
each state. These states are shown in Fig. 2. This shows
that the typical fluid states are covered in the present
study. Some examples of the pressure P, versus vol-
ume V,.curve at constant temperature T are described
in Fig. 3. This is consistent with the EOS for P-V-T de-
rived previously.® The critical temperature T, is 1.35
and the critical volume V, is 2.9.9

Equation of State for Self-Diffusion Coefficient

The self-diffusion coefficient D, increases as a func-
tion of temperature T at constant volume V,. as shown
in Fig. 4. Figure 5 describes the volume-variation of
D,at several temperatures. Although D, itself is a steep
function, the quantity D, /(V, T,) is moderate as a func-
tion of temperature and volume. For this reason this
form is used in the least square fitting of the observed
D,.
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Fig. 2. The map of state points simulated.
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Fig. 3. The pressure P, versus volume V, at several

given temperatures Tr. The dots are the simulated
results and the curves are fitted ones.
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Fig. 4. The self diffusion coefficient D, versus temper-
ature Tr plot, at several volumes V. The marks are
the MD values and the curves are EOS.
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Fig. 5. The self diffusion coeflicient D, versus volume

Vr plot, at several temperatures T. The marks are
the MD results and the curves are EOS.

i () (7)o

p=0,1,2,3¢=0,1,

p207172,3,47
¢=0,1,2,3. (10)
The values of the 20 coefficients Ap, are listed in Ta-

ble 1. The total number of the data points is 846. The
relative deviation is obtained as follows:

(16 (25 )12

(& )2>1/2

kol

=0.087. (11)

Some examples of the fitting are shown in Figs. 4 and
5.

Comparison with CO2, Data. The self-diffusion
coeflicient of CO5 is measured as a function of density
at 25 and 42 °C (Fig. 6).”® For a comparison, we use

the following potential parameters:'®

0=0.3941 nm,

%:195.2 K. (12)
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Table 1. Coefficient Apq in the Equation of State

qu

0.0773629
0.1235587
—0.0925246
0.0214779
—0.1478025
0.9364020
—0.7624413
—0.1248177
0.3122186
—2.9629708
2.8495073
0.2425943
—0.2779113
2.6573926
—3.1006457
—0.1919803
0.0776658
—0.7898671
1.1050118
0.0563687
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Fig. 6. Plot of D,/(VrTr) against density 1/ V; at 25
and 42 °C for CO2. The dots are the experimental
results™® and the curves are EOS. Theory is Eq. 14.

The unit for the self-diffusion coefficient is

0_2

— =T57x 10 *cm?s™ . (13)
Two curves at 25 and 42 °C sit almost at the same place
because of their weak temperature dependence. We see
that the calculated values are in good agreement with
the experimental ones.

The theoretical result from solving the Boltzmann
equation is also compared with the present calculations
in Fig. 6. The Chapman and Enskog theory gives the

following equation:'®
p= 35 - (14)
~ 16 nmno?fp

Here n is the number density and (Jp is the diffusion
collision integral. This is a function of temperature and
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does not depend on the density. It is given by Neufeld et
al.!V) The theoretical lines of D,./( V., T}) do not depend
on the volume, as seen from Eq. 14. These depend on
the temperature weakly. As this is a collision theory, it
deviates from the observed results in the dense region.

Comparison with Hexane. It is known that
the self-diffusion coefficient of hexane has this pressure
dependence:%1?

InD =a+bP%"®, (15)

at low temperatures in the dense liquid region. Here
a and b are constants. A similar plot is shown in
Fig. 7, where the equation of state for the pressure—vol-
ume—temperature relation® is used. The empirical
equation (Eq. 15) is consistent also in a Lennard-Jones
liquid at 7-<1.10.

Temperature and Density Variation of D. The
temperature dependence of the quantity D,/(V, T;) is
depicted in Fig. 8. Figure 9 describes its density vari-
ation. From Fig. 8 it is seen that D,/(V,T,) has a
maximum around T,.=1.4, is about the critical tem-
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Fig. 7. The self diffusion coefficient D, versus pressure
P27 plot, at several temperatures Tr. The marks
are the MD results and the curves are EOS.
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Fig. 8. Plot of D,/(VyTr) against inverse of temper-
ature 1/ T at several volumes V;, EOS.
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Fig. 9. Plot of Dy-/(Vy Tr) versus density 1/ V; at sev-
eral temperatures T, EOS.
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perature (7T, =1.35).*) Figure 9 shows that D,/(V, T})
is maximum around V,.=6.3 and its ratio to the crit-
ical volume? is 6.3/ V,,=6.3/2.9=2.2. In the present
equation of state (Eq. 9) the critical point is not a sin-
gular point. In the case of the observed CO;, fluid in
Fig. 6, no singularities appear at these temperatures.
The critical temperature is 31 °C and the critical den-
sity is 0.39 0~3. The anomaly may be seen in the very
narrow region around the critical point in the real sys-
tem. We cannot expect such an effect to appear in a
small system.

The theoretical results are also shown in Fig. 8. They
have no volume dependence. They are consistent with
the obtained equation of state in the low density limit.

Liquid Structure as a Function of T and V

In this section the structure in liquid is studied. We
expect it to have a large influence on the self-diffusion
coeflicient.

Excess Coordination Number.  The structure
in liquid is usually discussed by the radial distribution
function g(R). In the present study we calculate the
deviation of the local density from the average distri-
bution. The average number density is p,. The excess
distribution function at the distance R is written below:

Ap(R) = 4mpo R*{g(R) — 1}. (16)

The excess coordination number (ECN) in the region
up to the molecular distance R is the running sum of
Ap(R): i

ECN(R) = /0 Ap(R')dR. an

An example is shown in Fig. 10. This is a case with
large deviation from the average. We use the minimum
image method to find a neighbor in the simulation.?
For this reason, the molecular distance has a maximum
value 0.5L3'/2, where L is the length of the unit cell.
Because of the periodic boundary conditions, ECN must
be zero at this distance. In Fig. 10, ECN is maximum
around R,=4. Hereafter ECN(R,=3.5) is discussed.

The ECN is plotted as a function of temperature and
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Fig. 10. The excess distribution function Ap(R;) and
the excess coordination number ECN(R;) versus the
molecular distance Rr at Tr=0.70 and V,=5.67, see
Egs. 16 and 17.
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Fig. 11. The excess coordination number (ECN) at
Rr=3.5 versus volume V; plot, at several tempera-
tures Ty

volume in Fig. 11. It has a maximum around V,=5-38,
which is a little larger than the critical volume V.,=2.9.
The maximum value is only 1.2 around the critical tem-
perature T..=1.35, although it depends on the system
size. At lower temperatures, the states with the vol-
ume around 3—10 correspond to the two-phase region.®
However, the degree of the phase separation is not so
large, as is also seen from the van der Waals loop in
Fig. 3. The ECN in Fig. 11 shows that the phase separa-
tion continues gradually as the temperature decreases.
This comes from the length of the run in the present MD
simulation. The present runs were not long enough to
complete the phase separation in the two-phase region.
As the samples at low temperatures were obtained by
the cooling process, the configurations at low tempera-
tures include the well-mixed ones at high temperatures.
For this reason, the calculated result in the two-phase
region is only an example of the configurations with
large density fluctuations.

Distribution of the Cluster Size. Another
method to examine the structure in the liquid is through
the statistics on the cluster size. Here a cluster is
defined as the set of connected molecules where two
molecules within the distance 1.60 are called connected.

Self-Diffusion Coefficient in Lennard—Jones Fluid
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Fig. 12. The running sum c¢(n) of the distribution
function of the cluster size f1(n) up to size n is plot-
ted against n at several temperatures T, V,=7.78.

The size of cluster means the number of molecules in the
cluster. The distribution function of the cluster size n
is written as f,(n). The running sum ¢(n) up to n is
plotted against n in Fig. 12.

K

> a'faln). (18)
n’=0,1,2,

Figure 12 describes the case V,.=7.78. The distribu-
tions at several temperatures are compared. The ¢(n)
curve means there are many clusters around steep in-
creasing part. From this figure we see that there is
a broad distribution at high temperatures. There are
clusters less than 5 and from 60—100 at 7,.=1.30 near
the critical temperature. At low temperatures, most of
the clusters are larger than 95.

The volume dependence in ¢(n) at low temperatures
(T-=7.0) is shown in Fig. 13. The distribution of the
cluster at V,.=3.33, 5.67, and 7.78 is localized around
100. In the contrast to this, there are peaks around
less than 10 and between 55—75 in the distribution at
V,-=16.17. This means that there are liquid-likes part
and gas-like ones in the sample (7,,=0.70, V,=16.17).

Distribution of Hole Volume. The open space
which the molecules do not occupy is called a hole. The
distribution of the volume of the holes is also useful

c(n) =

T=0.70

—S5—V=3.33
—t\ - V=5.67

-@--V=7.78
-t} -V=16.17
~——V=26.77

Fig. 13. The running sum ¢(n) versus n plot at several
volumes V,, T»=0.70.
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Fig. 14. The running sum g¢(V}) of the distribution

function of the hole volume f,(Vy) up to volume
V4 is plotted against Vj, at several temperatures T,
Vr="7.78. The units of V} and g(V}) are 0. The
straight line is the volume of the unit cell.

information to specify the liquid structure.

The holes are searched for at the lattice points. The
mesh size of the lattice points is 1/40 of the cell length.
The radius of the molecule is assumed as o /2. In a given
configuration of molecules, the largest sphere which
does not overlap any molecules is first found. Then the
largest sphere which does not overlap any molecules and
spheres is searched for next. This process is repeated
until the new sphere is small enough. The two touching
spheres are defined as belonging to the same hole. The
volume of the hole h; is the sum of the volumes of the
spheres in the hole:

Va(hi) = 3 3, 19)

rehi 3

Where r is the radius of the sphere.

The distribution of the volume V}, of the hole is writ-
ten as fo(V3). The running sum ¢(V3) of fu(V},) is
plotted at V,.=7.78 in Fig. 14.

Vh U U !
9vi) = [ Vif(V)av;. (20)
At high temperature ( T-=5.2), the volume of the hole
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Fig. 15. The running sum g(V}3) versus Vj plot at

several volumes V,, T»=0.70.
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Fig. 16. The distribution functions F(N1) of the first

coordination number N1 at several volumes Vi, Tr=
5.2.
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Fig. 17. The distribution functions F(N1) at several

volumes V,, Tr=1.3.
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Fig. 18.

The distribution functions F(N1) at several
volumes Vi, Tr=0.7.

is less than 20. (The units of V, and g(V3) are o3).
The total sum of it is 580, where the volume of the
unit cell is 850. The space occupied by the molecules is
108x (4/3)7t(0/2)3=56.50°. These values and Figs. 11
and 12 mean that the molecular distribution is random
at high temperatures. The distribution of the volume
of the hole changes only a little until low temperature
(0.90) at V,.=7.78. At the lowest temperature 0.70,
there are peaks around 20, 100, and 250 in the distribu-
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Fig. 19. The distribution functions F(N1) of the first

coordination number N1 in a case of the spherical
droplet, T-=0.7.

tion of the volume of the hole. The total sum is about
800 close to the volume of the unit cell. It is seen that
the large holes appear only at low temperatures (0.70).

In Fig. 15, the running sum g( V) is shown at a low
temperature (0.70) for several volumes. It is seen that
the total sum is only 50% of the volume of the unit cell
at volume V,.=3.33, which is close to the critical volume
Ver=2.9. The percentage is 80% at V,.=5.67 and 90%
at V,.=7.78. At V,.=16.16 and 26.77, these are larger
than 100%. It is possible by the present method to
calculate the volume of the hole. An example is the
configuration where molecules sit only near the corners
of the unit cell. In this case the diameter of the hole is
about the body diagonal of the unit cell. The existence
of the large holes at V,.=16.16 and 26.77 is consistent
with the distribution of the cluster size in Fig. 13, which
suggests a significant phase separation at low density.

Distribution of the First Coordination Num-
ber.  Next the molecular environment in the neigh-
borhood will be studied. The number of the molecules
within the distance less than 1.6 is called the first coor-
dination number N1. The distribution functions F(N1)
are compared at high (5.2), around critical (1.3) and low
(0.7) temperatures in Figs. 16, 17, and 18, respectively.
It is shown that the distribution depends strongly on
the volume.

At volume V,=1.25, the distribution F(N1) always
has its peak at 13 in Figs. 16, 17, and 18. This den-
sity corresponds to the normal liquid. The distribution
becomes sharp at lower temperatures. In the case of
low density (V,=26.77), the peak is at 0 even at lowest
temperature 0.70, as expected in gas state.

In contrast to this, a large change in the distribution
is observed in the medium density (V,=3.33 and 7.78).
The distribution F(N1) in a spherical droplet is shown
in Fig. 19 for comparison. This is calculated by a spheri-
cal sample that is cut from a liquid configuration at low
temperature. The two peaks in this distribution are
the result of the finite size of the spherical droplet. The
peak around 13 comes from the molecules in the inside

Self-Diffusion Coefficient in Lennard—Jones Fluid
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Fig. 20. The mean square displacement of the
molecule classified by means of the first coordination
number N1 at T-=0.7 and V,=3.33.

Fig. 21.

The average first coordination number (N1)
is plotted as a function of the volume V. at several
temperatures 1.

part of the sphere. The other corresponds to those at
the outside part. The distribution at low temperature
(0.7) in the medium density is similar to that in Fig. 19.
The case of V,.=7.78 is assigned to be a mixture of one
or two droplets and a few gas-like molecules. In the case
of V,.=3.33, the size of the droplet-like part is smaller,
as seen from ECN in Fig. 11.

It turned out that the phase separation is realized in
the medium density at low temperature (0.7). However,
we will analyze the states at intermediate temperatures
(1.1 and 0.9) and at volumes only a little larger than the
liquid state as examples of large density fluctuations in
the next section.

Self- Diffusion Coefficient in Large Density
Fluctuations

In Figs. 5 and 9, the density dependence of D, is
different at low temperatures (0.7 and 0.9) from that
at the other temperatures. This phenomenon will be
studied in this section.

Fig. 20 shows the mean square displacement of the
molecules that the classified by means of the first co-
ordination number N1 at T,=0.7 and V,=3.33. This
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means that the self-diffusion coefficients are very differ-
ent according to the value of N1. The average density
has a less important meaning to determine the diffusion
process of each molecule than N1. The distribution of
N1 is described in Fig. 18.

The average first coordination number (V1) is plotted
as a function of the volume V. at several temperatures
in Fig. 21. At a high temperature such as 5.2, (N1)
has the value for the case of the random distribution.
Even around the critical temperature (T, =1.35) (N1)
shows only a small deviation from it. At lower tem-
peratures, 0.9 and 0.7, it deviates as shown in Fig. 21.
The volume dependence of (N1) resembles that of D,
shown in Fig. 5. When a liquid sample is expanded,
the quantities D, and (V1) have a step as a function of
volume. It is most clearly seen at lowest temperature
(0.7). Fig. 21 shows that the decay of (N1) is moderate,
compared to the decay of the average density. The self-
diffusion coefficient D, does not increases so steeply as
the volume increases around the medium volume at low
temperatures (0.7 and 0.9) in Fig. 5 for this reason.

The self-diffusion coefficient D is mainly determined
by the average first coordination number (N1), which
is determined by the distribution F(N1) of the coordi-
nation number N1. When the sample has large fluctua-
tions in density, this distribution is important to under-
stand the volume and temperature dependence of D.
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